
MMP Learning Seminar

Week 95 :

Content :

Termination of pseudo - effective
4- fold flips .



Minimal Model Program :
• Existence of flips . ↓

• Termination of flips .

• Abundance conjecture . ( Kx nef Hx semisimple ) .

Existence :

Mori 88 : Existence of flips for terminal 3- folto
Show 92 :

" " " tilt 3- folds
show go :

" " " Ic 3- folds .

Show 06 :
"

" "

of flips for some 4- folds

BCHM 00 : Existence of Klf flips .

HX , Brrrar 2010 : Existence of to flips .



Termination :

Show 92,96 : Termination of 3- fold Ic flips .

Fuj 04 : Termination of flips for term/canonical 4-folds

BCHM 06 : Termination of flips with scaling for general type belt pairs

Abundance :

Naw : In dimension 3
,
the terminal case

McKernan - Keel : In dimension 3
,
the Ic case .

MMP ( log canonical )

Jim 3 Jim 4 dim 5 - -
.

fully settled . Missing : Missy .

• Termination of flips • Termination - -
-

when ✗ is unrruled

• Abundance .

• Abundance .

-
- .

Theorem (M, 20187 : ✗ KIT proj 4- fold with Kx pseff .

Then
any

HMP for × terminates
.



Generalized pairs :
( X

,
B , M ) ✗ normal prog . ×

'

≥ 141-27%14:
J

B ≥ ◦ proj J J net Cartier
brr

called a- µ is push - forward ofnef .

b- nef divisor . ×? M
.HxtBtM is IR - Cartier%

birationalby.
prosbuy lH×+Bt MI = Kitty + Mylog discrepancies : Y→ ✗

QE (X ,
BiH ) = 1- coeff E (Bi ) .

(X , B ,M ) is grit if QE (Xi BiH ) > 0 .

(XIB
,
M ) is glc if OCE (✗ 18,141 ≥o.

(XB
.
M ) is gdlt if it is gk & the glee are strata

of LBJ .
y

É *✗ +AM =

Example : X - -→ ✗ min .

(1+1) Hx

Then Hx is push -forward of nef
✗ is the mm motel

M = Hx = p*q*CHxmm ) ⇔ glct IX.MI - oo .
-

nef -

y
what is the number that we can write here so this is gk .

( ✗ still Hx+M~a Kx thx = 2h4
.



Definition : Let M be a b- net divisor
.

✗ be a KIT variety .

glct (Xi MI
= max { t / IX. TMI is glc } .

Remark : The less positive M is on × ,
the

smaller these numbers yet .

M is nef on × ( descends on X ) then glct CXIM ) -00 .

Theorem (Birrar - Zhang ) : M is b- net divisor with

Cartier index I
.
✗ KIT projective n - dim variety .

Then glctcx.tt ) belongs an ACC set that only
depends on n & I



Special Termination :

( X , B , M ) gdlt pair 5=431 =

glee IX.B. M ) .

Let ✗ - - → Xt is an step of the lHxtBtM ) - MMP

that intersects 5 .

Flip :

Te •

pe is (HxtBtM ) - neg .

→ EH "
÷:;÷÷÷::w .jyw.ie .

÷ :*! !!!! .tn#...w
" These define a quasi

-flip .

Lemma 1 : The induced birational map .

(S , Bs , Hs ) - - - → CST Bst > Mst ) .

is 2 quasi
- flip .

Proof : Follows from adjunction & negativity Lemma
.



Lemma 2 : Assume termination of flips in dim n ,

Then
any sequence of quasi

- flips in Jim n under a DCC set .
-

terminates
.

g.¥7
coefficient of the
divisors that we extract

belongs to a DCC set
.

Proof : Using the condition on the DCC one can show .

that qftips terminate in codimension 1.

,
,

,

8s _ → 52 →
-

.

.I 1
small

G. Bs ,
Ms ) £ -↓- → (St , Bst ,Ms+ )

- lkoi-Bn-M.ly?wnW2/Fiiipiebs+tM
"

over W

ample over W .

Special
w
'

[
Termination .

Run MHP for Kst Bst Ms over W . n= I

③
Proposition 1 : Assume termination of flips in dimension n -1

.

Let IX.BiH ) be a
gen

dlt pair of Jim n .

S
11

Then
, any

MMP for (11,131-14) is eventually disjoint from LBJ
.



→ EÉT÷÷
× , Xn

m >n

Osp < ✗

Remark : The # of log discrepancies in [at] is finite
for a gilt pair .



3- fold sing : rtxx Cartier
.

( ✗ ix. ) terminal 3- fold sing . of index r .

pit" (Xix ) ≈ 2,142,1 .

Theorem (Chen , 90's ) : Let Nia ) be 2 terminal 3-fold

sing of
index r . There exists weighted blow -

up extracting
a divisor with log discrepancy Itt .

47-
Y term

.

index r index r - I .

↓
Corollary : (Xix ) terminal 3- fold sing-

* of tremors with log discrepancy in Cotte ) is < N .

(1.1+0)

]Then / R ,

" ' (Xia) I < F( E. N ) .

Theorem (Shonrorox ) : ( Kia ) KIT 3- fold sing
A- of Larson with log discrepancy in (E) It E) is < N .

Then tribe (✗ ix ) I < f- ( E. N ) .



Remark : (Xix ) KIT
sing .

Y -4s ✗ log resolution

☐ On - Cartier through × .

Then
,
the index of D at x is controlled above

by the largest denom of 8703 .

(This is an application of Cone Theorem ) .

m(E-D) Cartier = Line bundle

m( 4*0 ) ⇒ ✗ 0

3- fold .

Proposition 2 : (✗ 113,141 is

yen
E- KIT 1211 log tiscrp > e)

.

# of log discrepancies in ( E, Ets ) < N .

Assume weft B & coeff M c- R finite set
.

Then
,
there exists a finite set A CR.e.sn )

☆ ) OCE (X , BIM ) E. [0,1 ] → QECX.IM ) C-A .

☆ ☆ ) OCE (X , B ,
M ) c- [" 2]
→ OCECX ,

B , M ) c-A .

CECX ) is 2 come



Termination of flips for grit 3-folds :

(X , B ,M ) - - → (Xs ,
Bs

,
Mi ) - - → _ . . . sequence of flips

Steph : Reduce to the On - factorial

Steps : We control E
, N & R . → / tic .Xiix) / < fle.no

for any 2C & i.

Steps: We reduce to the case in which

(X , B , µ ) is terminal
.

Step Reduce to the case when 13=0 .

✗+
is

smooth along
- - - -→ L¥+ a-

→
.

-
OCECXT 137Mt )

C- [0,2]

LIE ↓
OCE C- A .

Steps : Reduce to the case when M=o
.

We finally retired to the terminal care with B - M- o
☐



Theorem : Termination of pseff 4- fold flips .

Proof - We know that there is a minimal motel ✗min

do ✗ - - - - → ✗ min

^'
'

↓ di - glct (Xi, M ) .di X ,

M = p*
' 1h4min,→

index is

fixed in the
M '

proofto

di × ,
Also a sequence of flips (✗i. di M )

.

I
N te

d } ×, di ≤ hits
I

6 It must stabilize with doo
.

•

> gland6

- ( grit .
4- Jim .

(X , doom ) - - → (Xs , doom ) -→ . . .

- - → (Xmioom ) -→
a

grit 3- Jim( term → special termination in Jim 4
.

this
sequence

is eventually disjoint from
glcccxi.io/47.- Wi

r

di-glctcxilwi.tl ) > too .



132-16

it's ≤ di ≤ is
'

≤
. . .

→ too > doo

doo < Ado < too < dio <
. .

.

I
will Violate 132-16 .

☐
'


